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Abstract
Whereas binary intermetallic compounds often appear as ordered structures with fewer than 10 atoms per cell, large-supercell structures consisting of one- and two-dimensional superstructures have long been observed in CuPd. However, whereas the stability of the
ordinary one-dimensional long-period superstructures (1-D LPS) has been previously investigated by ﬁrst-principles total-energy methods, two-dimensional superstructures were not amenable to such calculations because of their large number of atoms (O(103) atoms/cell).
Using a cluster expansion extracted from a set of ﬁrst-principles total energy calculations, we show that 2-D LPSs are likely kineticallystabilized structures which transform into the 1-D LPS ground-state structures at thermodynamic equilibrium.
Ó 2008 Acta Materialia Inc. Published by Elsevier Ltd. All rights reserved.
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1. Introduction
Our understanding of the basic rules governing the
phase-stability of intermetallic compounds rests, to a large
extent, on the observation of rather simple, few-atom/cell
crystal structures [1,2] such as L10, L11, L12, D022, B2
and B32, which appear repeatedly in the compendia of
alloy phase diagrams [3]. However, even in binary systems,
the emergence of surprisingly complex structures with
thousands of atoms per cell can be implied, as predicted
for the CuAu and NiPt systems [4]. In the case of FeCo,
a quasicontinuous sequence of ground states was found
[5] that consisted of large cell structures diﬀering from each
other by just a few atoms.
A second case of complex phases in binary systems are
one- or two-dimensional superstructures [6–19], where a
sequence of L12 units (Fig. 1) is repeated in one or two
dimensions with periodic antiphase boundaries. However,
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it is not clear whether these structures represent thermodynamically stable ground states (in which case, one needs to
include such structures in developing our understanding of
structure and bonding [20]), or if such structures are kinetically stabilized ‘‘excited states”.
For one-dimensional long-period superstructures (1-D
LPSs) in CuPd, eﬀective interactions have been obtained
(i) via the axial next-nearest neighbor Ising model (ANNNI) [21], based on local density approximation (LDA) calculations; (ii) with the generalized perturbation method
(GPM), by expanding the electronic energy about the disordered state using the coherent potential approximation
(CPA) [22]; and (iii) using the mixed-space cluster expansion approach [23]. Also, one study that coupled CPA with
the Bragg–Williams mean-ﬁeld approach agreed well with
experiments in Ref. [24], but was restricted to 1-D LPSs.
For 1-D CuPd structures there is a broad agreement [10]
that these structures are thermodynamic stable states, but
for 2-D LPS the situation is more complex due to controversal experimental results (see, e.g., [6,10]). There has been
no ﬁrst-principles study of the energetics of these 2-Dstructures because this requires large (O(103) atoms) unit
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cells. We have recently developed [25] an accurate cluster
expansion for CuPd, ﬁnding new small-cell ground state
structures explaining the previously assumed L12 structure
(see S1, S2, and S3 in Fig. 3). We now address the stability
of 1- and 2-D LPSs in CuPd and ﬁnd that 1-D LPSs are
ground states but 2-D LPSs are not.
2. Structure of 1- and 2-D LPS
Fig. 1 shows how 1-D LPSs at A3B stoichiometry (from
which the 2-D LPSs should evolve according to Ref. [6])
are constructed by stacking L12 units in the z-direction
and introducing regular (periodic) anti-phase shifts. There
are three possible anti-phase shifts, as shown in the ﬁgure
(right). When the anti-phase shift is in the stacking plane,
aI = (0,1/2,1/2), the resulting antiphase boundary (APB)
is referred to as a type I APB. This the only antiphase shift
observed in 1-D LPS. One-dimensional LPSs constructed
by small-period APB stacking, like M = 1 or 2, occur
commonly in alloys and are referred to by ‘‘Strukturbericht” names like D022 and D023. Higher-period structures
are referred to as LPS M, where M is the period, or brieﬂy
hMzi [26].
Two-dimensional LPSs have two sets of APBs, one in
each stacking direction. In two dimensions, the degeneracy
of the second kind of APBs is broken, resulting in two
kinds of type II APBs, referred to as IIa and IIb [27].
Although type II APBs have not been observed in 1-D
LPSs, they have been observed in 2-D LPSs. Fig. 2 depicts
the most interesting 2-D LPS candidates featured in the
studies of Terasaki et al. [8,9] and Broddin et al. [6,14,15]
at ﬁnite temperatures. Following the nomenclature introduced with their ﬁrst appearance in the literature [7], we
refer to a structure with type I APBs in one direction and

Fig. 2. Six of the smallest 2-D LPSs possible at 25% Pd. All of them
belong to type I + IIa.

type IIa APBs in the other (i.e. MI = MIIa = 1) as h1x1zi.
The energies of 2-D LPSs DHf(MxMz) are expected to
asymptotically approach those of 1-D LPSs DHf(Mz)
according to
lim DH f ðM x M z Þ ¼ DH f ðM z Þ

M x !1

ð1Þ

3. Method
To adequately treat the long-range strain that occurs in
stacked 1- and 2-D LPSs, one needs a model that goes
beyond short-range, real-space interactions. Though direct
calculation of the energetics of 2-D LPSs is desirable, the
calculations are impractical due to both the sheer size of

Fig. 1. (Left) The Cu-rich part of the CuPd phase diagram as assessed by experimentation [10]. Whereas 1-D LPSs are stable down to low temperatures,
the thermodynamic stability of 2-D LPSs is questionable due to conﬂicting experimental observations. (Right) Construction of simple 1-D superstructures
using L12 building blocks. Note that for L12 there are three possible ‘‘out-of-step” directions: I = (1/2,1/2,0), IIa = (1/2,0,1/2) and IIb = (0,1/2,1/2).
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the unit cell and the number of diﬀerent APB conﬁgurations. The cluster-expansion (CE) method [28] provides
an eﬃcient framework for a systematic description of large
cell sizes with density functional theory accuracy.
Using the mixed-space CE formalism [29], eﬀective
interactions deﬁne a simple Hamiltonian that can rapidly
predict the energetics of arbitrary conﬁgurations with
ﬁrst-principles accuracy and with the correct strain energy
in the long-period limit. First, formation enthalpies DHf
(per atom) of geometrically fully relaxed structures are
obtained from ﬁrst principles. These energies are mapped
onto an Ising-like Hamiltonian:
DH CE ðrÞ ¼

X
k

J pair ðkÞjSðk; rÞj2 þ

MBITs
X

 f ðrÞ
Df J f P

f

1 X
2
^
þ
J CS ðx; kÞjSðk;
rÞj
4x  1 k

ð2Þ

This formalism expands the formation enthalpy in a cluster-by-cluster sum over all the sites in the unit cell. For each
 f ðrÞ
ﬁgure (cluster) f, the lattice-averaged ‘‘spin” product P
is computed for the atomic conﬁguration, r, of the structure being expanded. This so-called correlation function,
 f , weighted by its geometric degeneracy Df, is multiplied
P
by the eﬀective energy Jf. A sum over all possible clusters is
a mathematically complete expansion for a structure’s formation enthalpy [28]. To yield accurate energies for longperiod superstructures, we treat pair interactions and strain
energy in reciprocal space. The CE Hamiltonian is truncated to a relatively small number of terms using an evolutionary approach [31,30]. Subsequently, the energies of
O(106) structures are predicted by a systematic groundstate search (GSS), shown in Fig. 3. The resulting convex
hull yields the ground-state line and serves as a basis for

Table 1
LDA values versus predicted energies from the cluster expansion.
‘‘Equiv.” energies are based on an equivalent k-point mesh. For larger
cells, the diﬀerence method ‘‘Diﬀ.” is used, which for smaller cells also
yields good agreement in hierarchy and absolute values. In (*) all energies
are referred to DHf (L12). Ground-state energies are bold-face
h{Mi}i

Equiv.

Diﬀ.(*)

CE

Ref. [21]

1-D LPSs
1
1z
2z
3z
4z
5z
6z

98.8
89.9
100.1
102.8
101.7
100.7
100.3

98.8
89.7
99.5
102.4
102.2
101.2
100.5

100.9
89.9
101.2
102.2
101.3
101.2
101.1

99.6
91.7
98.5
102.5
–
–
–

2-D LPSs
1x1z
2x1z
3x1z
2x2z
3x2z
3x3z

75.6
85.8
88.1
–
–
–

76.2
83.8
88.6
97.4
97.8
96.3

77.6
84.0
86.4
96.8
96.7
96.8

–
–
–
–
–
–

an extended GSS, including arbitrary LPSs with up to
10,000 atoms per unit cell.
Calculating the formation enthalpies for the 2-D LPSs
that were included in the construction of the CE required
an adapted approach. Based on a 10  10  10 k-point
mesh for the basic cell, the mesh along the y-axis was ﬁxed,
whereas the number of k-points was reduced along the
other two directions according to the increase in Mx and
Mz. For 1-D LPSs, only kz was adjusted. For all LPSs,
the corresponding L12-blocks were treated in the same kmesh. As far as possible, the convergence of the energy differences EM  EL12 was controlled by a direct calculation
based on a 19  19  19 k-point mesh (denoted ‘‘Equiv.”
in Table 1). Table 1 gives the 1- and 2-D LPS energies as
obtained from LDA. The ﬁrst column shows that the 2D LPSs are converging towards the corresponding 1-D
LPS limit.
Our CE is clearly capable of predicting all 2-D LPSs
well, within an accuracy of 1-2 meV atom1. More importantly, the hierarchy of the 2-D LPSs is correctly reproduced. This level of accuracy is required for our GSSs
and Monte Carlo simulations.
4. Ground state behavior

Fig. 3. Stability diagram for 0% 6 xPd 6 33%. The ground state
structures S1, S2 and S3 are depicted in the three insets and discussed in
more detail in Ref. [25]. Remarkably, the cluster expansion is capable of a
consistent description of 2-D LPSs even at oﬀ-stoichiometry (polygonal
symbols).

The GSS shown in Fig. 3 shows the energies of O(106)
structures. These structures are all face-centered cubicbased structures containing 20 atoms or less per unit cell
for concentrations in the range 0 6 x 6 33%. This list
includes 1- and 2-D LPSs for small periods (hMzi 6 h5z i,
hMxMzi = h1x1zi). The energies for larger 2-D LPSs, indicated by colored symbols, were predicted in a separate step;
the results are discussed in the following.
For the six smallest 2-D LPSs with ideal stoichiometry
constructable in the I–IIa combination, LDA energies
and their predictions by CE are listed in Table 1. From
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the trend of the 1-D LPSs, we see that a higher density of
APBs is not favorable with respect to the ground state
LPS 3, so presumably APBs in 2-D LPSs are even more
energetically unfavorable. In fact, all small 2-D LPSs
are less stable (higher in energy) than the simple 1-D LPSs
with M 6 2. On the other hand, there is a clear tendency
for 2-D LPSs to turn into 1-D-like LPSs for large
M, which is also reﬂected by their energies:
limM x !1 DH hM x M z i ¼ DH hM z i .
In addition to the I–IIa-type 2-D LPSs that have been
observed, there are other possible types with diﬀerent
APBs, and we need to include these as well in our GSS.
Taking all nine binary combinations of the three diﬀerent
APB types, {I,IIa,IIb}, there are six non-equivalent combinations; that is, there are six diﬀerent kinds of 2-D
LPSs. We computed the energies for the 100 smallest 2D LPSs of each kind, two of which are shown in
Fig. 4. Although each 2-D LPS will become a 1-D LPS
when one of the periods becomes very large, for small
periods only the I–IIa combination results in low-energy
structures that might be stable in some region of the
phase diagram (Fig. 1).
To eﬀectively rule out the possibility of thermodynamically stable 2-D LPSs, we also examined oﬀ-stoichometry
structures at several concentrations, xPd  {15%, 20%,30%}.
For this, we randomly exchanged Cu and Pd atoms in 2D LPSs-based supercells to probe the energetics of these
kinds of 2-D LPSs. The results are plotted with our GSS
in Fig. 3: for each concentration, the energies for the 100
smallest 2-D LPSs are predicted 50 times for randomly generated conﬁgurations, resulting in 5000 predictions at each
concentration. Their energetic position is displayed by
polygon symbols. We ﬁnd that there are no new ground
states predicted, although even at oﬀ-stoichiometry the
sequence of low-energy structures has a high density
imposed by their near degeneracy.

(a) I+IIa
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5. Finite temperature properties
As mentioned in the Introduction, type I+IIa 2-D LPSs
are sometimes observed experimentally in CuPd. Therefore, we used the Monte Carlo method to test their thermodymical stability at ﬁnite temperatures. Because the cluster
expansion Hamiltonian can be evaluted rapidly, we can
model 2-D LPSs using a large 512,000 atom simulation cell.
As both Terasaki and Broddin obtained experimental evidence of 2-D LPSs at 28% Pd around 400°, we performed
a thermodynamic Monte Carlo simulation in order to ﬁnd
the equilibrium for this speciﬁc situation. To verify that the
ﬁnal results were independent of the starting conﬁguration,
we used three diﬀerent kinds of starting conﬁgurations:
random conﬁgurations, 1-D LPS-like conﬁgurations and
2-D LPS-like conﬁgurations. In all cases, the simulations
come into equilibrium with a LPS 3-like conﬁguration containing a few antisites (that are necessary due to the excess
Pd atoms). Simulations using starting conﬁgurations that
were LPS-like were repeated with three diﬀerent starting
conﬁgurations: (i) h4x3zi-like, (ii) h3x2zi-like and (iii) a 1D LPS 3. Each had randomly added excess atoms.
Although more starting conﬁgurations could be tested,
the energetic behavior suggested by the predictions in
Fig. 5 indicate that, assuming vibrational enthalpy is not
signiﬁcant, 2-D LPSs are not a stable feature of the CuPd
phase diagram. One possible solution would be that 2-D
LPSs are kinetically stabilized. Such an investigation
demands a detailed knowledge of the activation barriers
for the relevant diﬀusion processes as recently performed
for Al-rich alloys [32]. Here, we focus on the thermodynamic properties.
Returning to Table 1, it should be noted that the lowestenergy 2-D LPS, h3x2zi, has a lower symmetry than h3x3zi.
Interestingly, experimentalists also ﬁnd asymmetric structures such as h4.26x3.40zi at T = 340° in Cu0.72Pd0.28 [8].

(b) I+IIb

Fig. 4. Energetics for two of the six nonequivalent 2-D LPS motifs as a function of Mz and Mx. The experimentally observed combination I + IIa has an
energy close to that of the ground state 1-D LPS 3 for higher periods in x-direction. Other APB combinations, I + I, IIa + I, IIa + IIb and IIb + IIb, are
less favorable than I + IIa.
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Fig. 5. Equilibrium conﬁguration of simulated annealing Monte Carlo for 512,000 atoms for 28% Pd at 400°, starting from a random conﬁguration (left),
h3x4zi (center) and LPS 3 (right). In all cases, the ﬁnal conﬁguration is 1-D LPS 3-like and not a 2-D LPS.

Moreover, Takeda et al. [33] found a strong concentration
dependence of the average modulation wavelength, Meﬀ,
i.e. the average length between two antiphase boundaries.
Our starting point should be able to conﬁrm these observations and thus conﬁrm the quality of the constructed eﬀective cluster interactions. For this, we perfomed MonteCarlo simulations for Pd concentrations 0.12 6 xPd 6 0.30
using again a 512,000 atom simulation cell. A temperature
of T = 800 K was chosen, at which no long-range order is
observed. The dependence of the bulk conentration on Meﬀ
can be studied eﬃciently by analyzing the diﬀuse intensities
in diﬀraction patterns caused by substitutional ordering of
the system. In order to quantify this intensity, the shortrange order (SRO) behavior of the system is described in
terms of the Warren–Cowley SRO parameters which are
given for shell (lmn) by
AðBÞ

almn ðxÞ ¼ 1 
AðBÞ

P lmn
x

ð3Þ

where P lmn is the conditional probability that, given an A
atom at the origin, there is a B atom at (lmn). The sign
of a indicates qualitatively whether atoms in a given shell
prefer to order (a < 0) or cluster (a > 0). The SRO parameter can be written in terms of the cluster expansion pair
correlations as

almn ðxÞ ¼

 lmn i  q2
hP
1  q2

ð4Þ

 lmn i is the pair correlation funcwhere q = 2x  1 and hP
tion for shell (lmn). In diﬀraction experiments the portion
of diﬀuse scattering due to SRO is proportional to the lattice Fourier transform of almn(x):
nR
X
almn ðxÞeikRlmn
ð5Þ
aðx; kÞ ¼
lmn

where nR stands for the number of real space shells used in
the transform. Since the LPS group possesses the fundamental reciprocal space wave vector k ¼ h1 2M1eff 0i, we have
calculated the diﬀuse intensities for the X  C  X plane in
k-space. The resulting patterns are displayed in Fig. 6 for
three selected Pd concentrations: The four SRO peaks
around the X-point start to move away from the X-center
as concentration increases. In agreement with experimental
data, this leads to a clear dependence of Meﬀ on the bulk
concentration as shown in Fig. 7.
Our predicted SRO behavior even bears a quantitative comparison with experiment [34]. This is visualized
in k-space for a Cu70.2Pd29.8 at T = 773 K (Fig. 8). A
detailed analysis of this diﬀraction pattern is given in
Ref. [25].

Fig. 6. SRO pattern for xPd = 0.12,0.20,0.28 at T = 800 K. The increase in the peak splitting around the X-point reﬂects the change in the average
modulation wavelength with increasing Pd concentration.
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Fig. 7. Dependence of the average modulation wavelength on the bulk
concentration (calculated for T = 800 K).

Fig. 8. SRO for Cu70.2Pd29.8 at 773 K. Experimental [34] and theoretical
data are in excellent agreement (for details, see Ref. [25]).

6. Summary
In summary, we ﬁnd that 2-D LPSs are not ground-state
candidates in CuPd, nor are they stable at ﬁnite temperatures
in the single-phase region previously assigned to a 2-D LPSs.
Instead, decomposition into a 1-D LPSs should occur, but
presumably this decomposition is suppressed by kinetic barriers. Finally, we have shown that our approach is able to
describe the rather complex SRO behavior of the system,
in agreement with earlier experimental investigations.
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